Math 121: solutions to some more homework problems on differential
equations

(a) Chloe the canoeist is trying to become the first person to circumnavigate the globe
in a canoe. She is making good progress, traveling at 2 m/s. Unfortunately, her paddle
suddenly breaks, and she somehow forgot to bring a spare. From then on she is drifting,
and she slows down at a rate proportional to the square root of her velocity. After only
one second, she has already slowed to 1 m/s, and she is despairing. Will she in fact stop,
and if so, how long will it take? Perhaps irrationally, she clings to a faint hope that she
will still make it all the way around the world, even though the circumference of the earth
is about 3 - 107 meters. Will she in fact make it? If so, how long does it take?

Solution: The DE here is p
v
— = k.
i = e

Note that since she is slowing down, k£ must be negative. Separating the variables gives
v™Y2 dv = k dt, and then we integrate both sides to get 2¢/v = kt + C. Dividing by 2
and absorbing that into the constants k and C', then squaring gives us

(t) = (kt + O

Now we know that v(0) = 2 and v(1) = 1. Using these we calculate C' = 4+/2 and
k = 41 — C, and this determines v(t). To find out when Chloe will stop, we look for a
solution to v(t) = 0. This happens when kt +C = 0, or t = —C'/k. Since we need t to be
positive, and we know that k is negative, we must have that C' is positive. Thus C' = /2.
This then gives us two possible solutions: k =1 — /2 and k = —1 — v/2, yielding times
t ~ 3.414 seconds and t ~ 0.586 seconds, respectively. Now this second solution involves
Chloe stopping between ¢ = 0 and ¢t = 1, then starting again and speeding back up to
reach a velocity of 1 when t = 1. But she’s only drifting, and so her velocity is always
decreasing, meaning this scenario is impossible. Thus we conclude that k£ = 1 — v/2, and
she stops at t ~ 3.414 seconds.

To determine how far she travels before stopping, we recall that distance traveled is
the integral of velocity over the given time range. So her total distance traveled is

3.414
/ (kt + O,
0

Using the substitution v = kt + C' (which means du = k dt, so dt = (1/k) du), this is

3.414

% E(kt + 0)3} o= i((k(3.414) +C)* = C%).

But (k(3.414) + C) = 0, so this comes out to simply —C?3/3k, which is approximately
2.276 meters. So she falls way short of making it around the world.

(b) Chloe is back, and this time she has improved her canoe so that it drifts at a rate
proportional to its velocity. Unfortunately, she got so wrapped up in the improvements to



her canoe that she again forgot to bring a spare paddle. And wouldn’t you know it, but
her paddle breaks right when she’s traveling at 2 m/s. After one second, she has again
slowed to 1 m/s. Help her answer the same questions as in part (a).

Solution: The DE here is
o
il
Separating the variables gives v™! dv = k dt, and then we integrate both sides to get
Inv = kt + C. (Note that we don’t need absolute value signs around v because it is
always positive in this problem.) Exponentiating both sides and simplifying the right-
hand side gives us

v(t) = CeM.

Now we know that v(0) = 2 and v(1) = 1. Using these we calculate C' = 2 and k =
In(1/2) = —In(2), and this determines v(¢). To find out when Chloe will stop, we look
for a solution to v(t) = 0. But e** is never zero for any value of ¢, so there is no solution
(if you try to find a solution, you’ll wind up taking In of a negative number, which is
undefined!). Therefore Chloe never stops completely.

But that doesn’t mean that she will travel arbitrarily far. To determine her total
distance traveled, we recall that distance traveled is the integral of velocity over the given
time range. So her total distance traveled is

/OO Cet.
0

Using the substitution u = kt (which means du = k dt, so dt = (1/k) du), this is

1 ar O kR
e
Now remember that & is negative, so limp_,o €** = 0. Thus her total distance traveled is
—C'/k, or approximately 2.885 meters. Again, she falls way short of making it around the
world, even as we let time go to infinity (and even though she never completely stops!)

(c) Chloe the indomitable canoeist has by this time attracted significant media attention,
and along with that came a sponsorship from a small custom canoe manufacturer. Her
new canoe drifts at a rate proportional to its velocity raised to the 3/2 power. However,
she has no paddle sponsor, and somehow once again forgets to bring her own spare paddle.
You can guess the rest — it unfolds just as before. Help her answer the same questions as
in part (a).

Solution: The DE here is

v = kv®/2.

dt
Separating the variables gives v=%/2? dv = k dt, and then we integrate both sides to get
—20~Y2 = kt + C. Dividing by —2 then raising both sides to the —2 power gives
4
V() = ——=.
®) (kt+ C)?



(We don’t absorb anything into k or C' because it will help us determine signs later.) Now
we know that v(0) = 2 and v(1) = 1. Using these we calculate C' = v/2 and k + C' = £2,
or k = +2— (', and this determines v(¢). To find out when Chloe will stop, we look for a
solution to v(t) = 0. But the reciprocal of a number can never equal zero, so there is no
solution. Therefore Chloe never stops completely.

But that doesn’t mean that she will travel arbitrarily far. To determine her total
distance traveled, we recall that distance traveled is the integral of velocity over the given
time range. So her total distance traveled is

4/Ooo(lct+0)—2.

Using the substitution u = kt (which means du = k dt, so dt = (1/k) du), this is
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Thus her total distance traveled is 4/kC. Since we know this distance is positive and
k is negative (this is why we didn’t absorb anything into k: we wanted to preserve the
original k-value, which we know to be negative), we must have that C' is negative as well.
So C'= —+v/2 and k = +2++/2. For k to be negative, we then need to have k = —2+ V2.
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Again, she falls way short of making it around the world, even as we let time go to
infinity (and even though she never completely stops!). But at least she made it further

than either of the other times!

(d) This time, Chloe is sponsored by CanoeKingTM, the world’s largest high-tech canoe
manufacturer, and this sponsorship comes with a package of a dozen spare paddles. Her
sleek new canoe drifts at a rate proportional to the cube of its velocity. Alas, all her spare
paddles are eaten by a band of ravenous sloths (their exponentially growing population
has led to a severe famine). The same depressingly familiar sequence of events unfolds as
in part (a). What happens this time?
Solution: The DE here is

@ = ko3

o = kv
Separating the variables gives v™2 dv = k dt, and then we integrate both sides to get
—%U_Q = kt + C. Multiplying by —2, absorbing the —2 into the constants k and C, and
then raising both sides to the —1/2 power gives

1
VEt+C

Now we know that v(0) = 2 and v(1) = 1, and the fact that these values of v are positive
mean that we must have the positive square root in the equation above. Using these we
calculate C' = 1/4 and k+C =1, or kK = 3/4 (so again k is positive!), and this determines

v(t) ==



v(t). To find out when Chloe will stop, we look for a solution to v(¢) = 0. Again, the
reciprocal of a number can never equal zero, so there is no solution. Therefore Chloe
never stops completely.

But that doesn’t mean that she will travel arbitrarily far. To determine her total
distance traveled, we recall that distance traveled is the integral of velocity over the given
time range. So her total distance traveled is

/ (kt +C)~1/2.
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Using the substitution v = kt (which means du = k dt, so dt = (1/k) du), this is
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But this time the limit is infinite, and so given enough time, Chloe will cover any distance.
So she makes it around the world! To figure out how long it will take, we look for the R
such that

%(\/W—\/E) =3-10".

This gives
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and this gives us that R is about 1.69-10'* seconds, or about 5.35 million years. So Chloe
had better bring a snack!



